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Abstract
Analysis of vibrational characteristics of cantilevered double-walled carbon nanotube
(DWCNT) resonators is carried out based on classical molecular dynamics simulation.
Vibrational frequencies of DWCNTs are less than those of single-walled carbon nanotubes
(SWCNTs) with the same length and the same diameter because of van der Waals intertube
interaction. For DWCNTs with short outer walls, the resonance frequency initially increases
with increasing outer nanotube length and then decreases after a peak, and thus the result can be
modeled by a Gaussian distribution. The frequency of DWCNT resonators with short outer
walls is a maximum when the length of the outer wall is about 72.5% of the length of the inner
wall.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Resonators are widely used as key components in signal
processing systems [1], and reducing the size of a resonator
enhances its resonant frequency and reduces its energy
consumption [2]. The higher resonant frequency implies that
in general the sensor can have a higher sensitivity [3]. The
mechanical quality factor also plays a very important role in
determining the sensitivity of nanoelectromechanical system
based devices. For wireless communications, higher-frequency
resonators enable the production of higher-frequency filters,
oscillators, and mixers [1]. The advancement of high-
frequency nanoelectromechanical systems is resulting in a
diversity of new applications including mechanical mass or
charge detectors [4, 5] and nanodevices for high-frequency
signal processing [6] and biological imaging [7].

5 Author to whom any correspondence should be addressed.

Recently, some researchers have considered the potential
applications for carbon nanotubes (CNTs) as resonators [8]
and oscillators [9]. For example, the vibrational properties
of nanotubes have been studied, and the amplitude of thermal
vibrations of cantilevered nanotubes has been used to predict
their Young’s modulus [10–12]. CNTs exhibit appealing
properties, such as an extremely high in-plane elastic modulus
and thermal conductivity. The combination of these properties
and the nanometer-scale, perfect atomic structure implies that
CNTs have potential applications in nanoelectromechanical
systems, as components of high-frequency oscillators for
sensing and signal processing applications [2–4]. For example,
Poncharal et al [4] demonstrated how to exploit the resonance
of a cantilevered CNT to estimate the mass of an attached
carbonaceous particle as light as 30 fg, inside a transmission
electron microscope. Recently, Jensen et al [3] demonstrated a
room-temperature, CNT-based nanomechanical resonator with
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atomic mass resolution, which is based on a nanotube radio
receiver design [13]. Chiu et al [14] addressed atomic-scale
mass sensors using suspended CNT resonators.

Computer simulations have advanced this field and helped
reveal the potential of CNT devices in future technologies.
Molecular dynamics (MD) has often been used to study and
predict the performance of nanoscale machine components.
Li and Chou [2] investigated cantilevered SWCNT resonators
using molecular mechanics simulations. Jiang et al [15]
studied the energy dissipation of cantilevered singe-walled
CNT oscillators using classical MD simulations. A DWCNT
with a short outer wall can be fabricated using a method
for thinning and opening of the DWCNT based on oxidation
with carbon dioxide [16], and a method for burning of the
outer wall based on an electric current [17]. So, cantilevered
DWCNT resonators with short outer walls can be considered
as alternative high-frequency resonators. Therefore, in this
research, we explore the potential of DWCNTs with short
outer walls as nanoresonators, using classical MD methods.
We demonstrate that the fundamental frequencies of DWCNT
resonators can be estimated by a Gaussian distribution, as a
function of the outer wall length.

2. Simulation methods and structures

In order to investigate cantilevered DWCNT resonators, we
used classical MD methods to model the oscillation behavior
of DWCNTs. Interactions between carbon atoms that form
covalent bonds on CNTs were modeled using the Tersoff–
Brenner potential [18, 19], which has been extensively applied
to carbon systems [20] and has provided the experimental
effectiveness of the simulation results [21]. The long range
interactions of carbon were characterized using the Lennard-
Jones 12–6 (LJ12–6) potential, based on the parameters
obtained by Ulbricht et al [22]. In this work, the respective
parameters for the LJ12–6 potential were εcarbon = 2.4038 ×
10−3 eV and σcarbon = 3.37 Å. The cutoff distance of the
LJ12–6 potential was 10 Å. The MD methods utilized in our
previous works [23–26] were implemented using the velocity
Verlet algorithm, a Gunsteren–Berendsen thermostat to control
the temperature, and neighbor lists to improve the computing
performance. The MD time step was 5×10−4 ps. We assigned
the initial atomic velocities with the Maxwell distribution, and
the magnitudes were adjusted in order to fit the temperature of
the system. In all the MD simulations, the temperature was set
to 1 K.

Figure 1(a) shows the simple schematics of the
cantilevered DWCNT resonator with the short outer wall. The
lengths of the inner and outer walls are denoted by L I and
LO, respectively. Figure 1(b) shows the atomic structure of
the cantilevered DWCNT resonator with the short outer wall
in the simulation. The left-hand ends of both walls were fixed
during the classical MD simulations. The length (L I) of the
inner (5, 5) CNT was approximately 50, 75, or 100 Å, and the
lengths (LO) of the outer (10, 10) CNTs were changed by 10 Å.
In order to obtain the resonant frequencies, we performed MD
simulations under an external force of 0.001 eV Å

−1
/atom

along the transverse direction for initial 2.5 ps. Upon the

Figure 1. (a) Simple schematics of the cantilevered DWCNT
resonator with short outer wall. The lengths of the inner and outer
walls are denoted by L I and LO, respectively. (b) The atomic
structure of the cantilevered DWCNT resonator with short outer wall
in the simulation.

removal of the bending force, the CNT resonators were left
to oscillate freely. The fundamental resonance frequencies ( f )
were analyzed by using the fast Fourier transform (FFT), based
on data sampled at 0.05 ps.

3. Results and discussion

Figures 2(a)–(c) show the amplitude spectra of different outer
wall lengths (LO) for L I = 50, 75, and 100 Å, respectively.
It was explicitly found that the primary peaks corresponding
to the fundamental frequencies vary with increasing LO.
Figure 3(a) shows the fundamental frequencies as a function
of LO/L I, for L I = 50, 75, and 100 Å. As the LO increases,
the resonance frequency increases initially, and decreases after
reaching a peak. This feature is found in all three cases; so
we can state that the fundamental frequencies of DWCNT
resonators with short outer walls explicitly depend on the
length of the outer wall. The frequency ranges covered by
DWCNT resonators with short outer walls are 60–128, 29–64,
and 16–38 GHz, for L I = 50, 75, and 100 Å, respectively. The
differences between the maximum and minimum frequencies
are 68, 35, and 16 GHz, for L I = 50, 75, and 100 Å,
respectively. Therefore, DWCNT resonators are considered to
have a large operating frequency range, as long as the length of
their inner walls is short.

For easy comparison, the fundamental frequencies of
DWCNT resonators with short outer walls are divided by
the fundamental frequencies of simple DWCNT resonators.
Figure 3(b) shows the plot of f/ fDW as a function of LO/L I,
for L I = 50, 75, and 100 Å, where fDW is the fundamental
frequency of a (5, 5)(10, 10) DWCNT with a length of L I.
The maximum value of f/ fDW increases as the length of the
inner wall, L I, increases. The values of f/ fDW have ranges
of 0.5–1.2, 0.5–1.3, and 0.5–1.34, for L I = 50, 75, and
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Figure 2. Spectra for different outer wall lengths (LO) when L I is (a) 50, (b) 75, and (c) 100 Å.

100 Å, respectively. These results imply that the frequency of
DWCNT resonators with short outer walls is enhanced relative
to those with longer inner walls.

We also investigate the fundamental frequencies of
DWCNT resonators with short outer walls, which are
normalized by the corresponding maximum frequency ( fMAX).
Figure 3(c) shows the plots of f/ fMAX as a function of LO/L I

for L I = 50, 75, and 100 Å. The f/ fMAX versus LO/L I plots
can be regressed by a Gaussian distribution function with mean
μ = 0.725 and variance σ = 0.294, as shown in figure 3(c).
Such a Gaussian distribution implies that the frequency of
the DWCNT resonators with short outer walls is a maximum
when the length of the outer wall is about 72.5% of the length
of the inner wall. This property implies that there is a high
potential for DWCNT resonators with short outer walls to have
engineering applications. If the length of the outer wall can be
controlled independently of the inner wall, various frequency
devices can be fabricated from a single type of DWCNT with
walls of equal length.

Figure 4 shows the fundamental resonance frequency as
a function of the length of the (5, 5) SWCNT, (10, 10)
SWCNT, and (5, 5)(10, 10) DWCNT. We also plot the data
from figure 3(a), to compare simple SWCNT or DWCNT
resonators to DWCNT resonators with short outer walls. The
DWCNT resonators with short outer walls can have wider
frequency ranges than those of the simple SWCNT or DWCNT
resonators. Li and Chou [2] predicted the fundamental
frequencies of cantilevered SWCNTs using the molecular
structural mechanics method. They solved the equation of
motion for the problem of free vibration of an undamped
structure. So, the frequency range obtained from their results is
higher than that obtained from our MD simulations. However,
the frequency as a function of length obtained from our MD
simulations is in good agreement with their previous work.

In figure 4, the resonance frequencies of the SWCNT
(10, 10) are higher than those of DWCNT (10, 10)(5, 5).
Conventional wisdom may suggest that DWCNT (10, 10)(5, 5)
should be strengthened more than SWCNT (10, 10) by
inserting SWCNT (5, 5) into it. The strengthened beam
structure DWCNT (10, 10)(5, 5) might have a higher
resonance frequency than the hollow beam structure SWCNT
(10, 10). However, figure 4 shows exactly the opposite
except for very short CNTs. This is because the vibrational
properties in the cases of DWCNTs are largely affected by
the interwall interactions due to the vibrational deflections
of the inner and outer nanotubes. Natsuki et al [27],
who studied the vibration characteristics of both-side-clamped
DWCNTs, found that the SWCNTs have larger vibrational
frequencies than the DWCNTs increased by at least 30%.
The vibrational frequencies of DWCNTs were between the
vibrational frequencies of the inner and outer nanotubes. They
discussed that the characteristic frequencies in the cases of
DWCNTs are greatly affected by the vibrational deflection of
the inner and outer nanotubes. Their results for the bridge-
type DWCNT resonators can give important information for
our results for the cantilevered-type DWCNT resonators. In
this work, the vibrational frequencies of the DWCNTs were
about 15% less than those of the SWCNTs with same diameter.
The value of 15% in this work is less than the value of 30%
in the previous work [27]. However, the difference does not
imply any inconsistency between the two works. In this work,
we considered one-side-clamped DWCNT resonators whereas
Natsuki et al [27] considered both-side-clamped DWCNT
resonators. When the outer wall length is the same as the
inner wall length, the vibrational frequencies for the outer walls
are higher than those for the inner walls. Therefore, slowly
deflective inner walls can affect the deflective vibration of outer
walls and so such noncoaxial intertube vibration phenomena
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Figure 3. (a) Fundamental frequencies as a function of LO/L I, for
L I = 50, 75, and 100 Å. (b) Plot of f/ fDW as a function of LO/L I

for L I = 50, 75, and 100 Å. (c) Plot of f/ fMAX as a function of
LO/L I for L I = 50, 75, and 100 Å.

cause the vibrational frequencies of DWCNTs to be less than
those of SWCNTs with the same length and the same diameter.
The interaction between the inner and outer nanotubes for
DWCNTs is considered to be coupled together through the
vdW force.

In our MD simulations, the left-hand ends of both the
inner and outer walls were fixed, whereas the other ends were
free. The right free end of the outer wall can be considered
as another boundary of the inner wall, and thus the semi-free

Figure 4. Fundamental frequencies as a function of the length of the
(5, 5) SWCNT, (10, 10) SWCNT, and (5, 5)(10, 10) DWCNT and as
a function of LO for L I = 50, 75, and 100 Å.

boundary condition due to the free end of the outer wall is very
important for understanding the vibrations of the cantilevered
DWCNT resonator. As the length of the outer wall that covers
the inner wall increases, the distance from the free end of
the outer wall to the free end of the inner wall decreases.
So, such a decrease results in an increase of the fundamental
resonance frequency. However, as the length of the outer
wall becomes increasingly longer, the un-covered inner wall
length becomes shorter. In that case, the impact of the semi-
free boundary becomes increasingly smaller. This is found by
the decrease of the fundamental resonant frequency after the
peak, as shown in figure 3. In this work, peak frequencies
are approximately equal to the fundamental frequencies of a
(5, 5)(10, 10) DWCNT with a length of 0.85L I (0.8L I–0.89L I).

Our finding that the cantilevered DWCNT resonator has a
slightly lower fundamental frequency than the corresponding
SWCNT resonator is very important. To obtain more
information on whether this phenomena is primarily due to
intertube interactions, further work should include various
MD simulations for different intertube spacings. This
work implies the potential of an alternative application of
DWCNTs, as ultrahigh-frequency nanomechanical resonators
controlled by the outer wall length. Such ultrahigh-frequency
nanomechanical resonators will facilitate the development of
fast scanning probe microscopes, magnetic resonant force
microscopes, and even mechanical supercomputers, ultrahigh-
frequency tuners, and nanodevices for high-frequency signal
processing and biological imaging. When the length of the
outer wall can be controlled, various resonators with different
frequencies can be fabricated from several DWCNTs with
walls of equal length.

In this work, we used the (5, 5)(10, 10) DWCNT with the
interwall space of 3.4 Å. However, the interwall spacing of
DWCNTs ranges from 3.0 to 5.4 Å in experiments [28] and
from 3.3 to 3.5 Å in ab initio calculations with four different
combinations of armchair/zigzag tubes [29]. Recently, Liu
et al [30] investigated the transport properties of the chirality-
resolved DWCNTs for all four types of DWCNTs, which
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can be categorized as metallic (M)/semiconducting (S), M/M,
S/S, and S/M. The transport characteristics of DWCNTs could
be directly correlated with their indices. Their results imply
that DWCNT resonators with different chiral indices can have
different performances by the direct interwall correlations
because electron correlations in DWCNT resonators with
different chiral indices affect the properties of the mechanical
vibrations. Therefore, in further work we will present
a systematical investigation via MD simulation for various
DWCNTs with different chiral indices. For cantilevered
resonators composed of multi-walled CNTs, since a frequency
change can be induced by an interwall length difference, results
for multi-walled CNTs will be included in further work. We
anticipate confirmation of these phenomena by experiments.
Further work should include MD simulations carried out at a
range of temperature substantially higher than the 1 K values
in the present work to consider thermal dissipation because
experiments are most likely to be conducted at temperatures
much larger than 1 K. One can expect that the Q-factor will
be greatly decreased by increasing temperature as in the study
on a cantilevered CNT beam oscillator in the previous work by
Jiang et al [15].

4. Summary

In summary, we used classical molecular dynamics simulations
to investigate ultrahigh-frequency nanomechanical resonators,
which are based on DWCNTs with short outer walls. When the
length of the inner wall was constant, the resonance frequency
increased and then decreased after the peak, as a function of the
length of the outer wall. Thus this trend can be modeled by a
Gaussian distribution function. The frequency of the DWCNT
resonators with short outer walls was a maximum when the
length of the outer wall was about 72.5% of the length of the
inner wall. If the length of the outer wall can be controlled
independently of the inner wall, various frequency devices can
be fabricated from a single type of DWCNT with walls of
equal length. Based on the difference between the fundamental
frequencies of both SWCNTs and DWCNTs with a given
length, the frequency range of a DWCNT resonator with a
short outer wall can be enhanced by increasing the length
of the inner wall. The characteristics of ultrahigh-frequency
nanomechanical resonators fabricated using DWCNTs with
short outer walls should be intensively investigated in further
works, especially the energy dissipation, damping factor, noise,
etc.
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